








Al Khwarizmi international
junior mathematical Olympiad
Second day
Thursday, 1. June 2023

Part 1: each problem is worth 1.9 points

1. In rebus UZBEK + IS + TAN different letters represent different numbers and
same letters represent same numbers. Find the largest possible value of that sum
UZBEK + IS + TAN?

A) 99631 B) 99190 C) 99387 D) 99423

2. Babur has stones weighing 1 kg, 2 kg, ..., 16 kg and three boxes A, B, C. He put
two stones in each box so that the total weight of the stones in each box was M
kg. Find the number of all possible values of M.

A) 21 B) 24 C) 19 D) 15

3. Anora wrote 5 integer numbers on the paper. From these numbers, Anora
calculated the arithmetic mean of all groups with 4 numbers and got the numbers
37, 44, 25, 46 and 68 as a result. Find the largest number Anora wrote on the
paper.

A) 147 B) 120 C) 68 D) 95

4. 1.2-3-.. -29-30 at least how many of the multipliers can be deleted to form a
perfect square?

A)7 B) 6 C)5 D) 4

5. Numbers from 1 to 2023 are written on the board. At each step, two arbitrary
numbers are erased and their difference is written instead. This is done until
there is only one number left at the end of the work. Which of the following cannot
be the remaining number at the end?

A) 16 B) 1024 C) 2023 D) 2048

6. An equilateral triangle and a square are drawn inside a semicircle with a diameter
of 10 cm as shown in the picture. What is the area of the painted part in cm??
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25m—150 25m—-150 1257—-150 45m-50
A) 24 B) 12 C) 24 D) 8

7. Find the 1st digit of the smallest number which is divisible by 11 and whose sum
of digits is 2023.

A)9 B)8 Q)7 D)6

8. Given 5 consecutive positive integers. If the LCM of the first three numbers is
less than twice the LCM of the last two numbers, find the largest value of the sum
of these 5 consecutive numbers.

A) 30 B) 40 C) 45 D) 50

9. For the 4-digit number abcd function is defined and f(abcd) = a * b * ¢ + d. For
example f(6542) = 6 *5% 4+ 2 =122, What is the result of f(2023) — f(2022) +
£(2021) — £(2020) + - + £(1003) — £(1002)?

A) 509 B) 495 C) 517 D) b11

10. Find the smallest positive integer n such that 2023n has exactly 66 positive
integer divisors.

A) 233 B) 9216 C) 216 D) 1024

Part 2: each problem is worth 3.1 points

11. There is one rectangular piece of paper on the table. At each step, Olim chooses
one of the largest pieces of paper on the table, divides it into two equal pieces and
puts them back on the table. After 2023 steps, if the area of the smallest paper
on the table is 1 cm?, what is the area of the initial rectangular paper?

12. How many rectangles are there in the following figure whose sides lie on the
lines of this figure and contain at least 1 black square?
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13. 1000 straight lines are given and the intersection point of any 2 of them is
marked. Find the maximum number of these marked points which can lie on one
circle?

14. Given a parallelogram ABCD. The midpoint of AD is M. The projection of point
B intersects the side CM at the point P. If 2APB=61°, what is the angle ~PAB?

15. Sardor created one number by writing even numbers from 23 to 2023 in a row.
Then he deleted all the odd digits in the decimal notation of this number. How
many digits are left?

16. Find the number of integer triples (a, b, c) satisfying the following conditions:

2<abc<8and1<d<12,a+b+c+d=30.
17. The following is appropriate for {4,,} sequence of integer numbers:

Ay < 10and 1 < 4; <2023

An . .
—+, if A, is even number
Apyr = 2

A% + 1, if A, is odd number

Find the number of all possible values of 4;.

18. 12 small squares whose sides are parallel to the diameters AB and CD of the
circle (AB and CD are perpendicular to each other) are drawn as shown in the
picture. AC, AD, BC, BD are the chords of the circle. Find the area of the painted
area.

19. Anvar wrote the numbers 1, 2, 4,5, 6, 9, 10, 11, 13 in these circles and squares.
Each number must be written exactly once. In this case, the number in each circle
is equal to the sum of the numbers in its two neighboring squares. If x and y are
arranged as follows, find the largest value of x+y.
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20. 10 people came to the ticket office, 5 of them have $5 and 5 have $10 each,
but the ticket seller has no money. One ticket costs $5. How many ways can people
line up in several different ways so that everyone who needs change (the remaining
part of their money) can get it immediately after purchasing the ticket?

Language: English
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MexayHapoaHaa matemartuyecKkas
onumnuaaa Anb-Xopesmu
Bropou neHb

1 uroHa 2023 roaa

Yaanw 1: Kaxpaas 3agada oyeHbiBaencsa no 1.9 6annos

1. B pebyce Y3BEK + HC + TAH pasHbie 6ykBbI 0603HA4YarOT pasHbIe YUNCNA, @ OAHU U
Te xe 6ykBbI 0603HAYAFOT OAHU U Te Xe Ymucna. Hanamute Hambornbluee BOIMOXHOE
3HaveHue 31ou cymmer Y3BEK + HC + TAH?

A) 99631 B) 99190 C) 99387 D) 99423

2.Y bobypa ectb rupu secom 1 kr, 2kr, ..., 16kr v Tpu kopobku A, B, C. OH nonoxun
No ABe MMpU B KaXAyHO KOpOBKY, U OKa3asnoCh YTO BeC KaxAou KOpobku paseH M kr.
CKONbKO 3HA4YeHU moxeT npuHUmatL M?

A) 21 B) 24 €) 19 D) 15

3. AHopa Hanucana Ha nuctke 5 uenbix uyucen. OHa nocuuTana cpegHue
apugMeTUYecKme Bcex rpymn U3 YeTbIpex Yncen COCTaBNeHHbIE U3 3TUX Ynucen u
nonyuuna pesynstat 37, 44, 25, 46 v 68. Hanaute Hanbonbluee Ycno KoTopas
Hanucana AHopa?

A)147 B) 120 C) 68 D) 95

4. Kakoe MUHUMANbHOE KOSIMYECTBO MHOXUTENeM MOXHO CcTepeTb U3
npoussedeHus 1-2 -3 ...29 - 30 UTO6bI NONYYUTL TOUHLIM KBAAPAT.

A)7 B) 6 C)5 D) 4

5. Ha pocke HanucaHbr ymcna ot 1 po 2023. 3a oauH xoA4 ctupaetca 2 nHobbix
UMCNA U BMECTO HUX 3amnUCLIBAETCS UX pa3HOCTb. Takme AencTBUS NpOAOIIXArOTCS
MOKa He ocTaHeTcs 0AHO uucno. Kakoe us umucen He moxeT 6bITb MocneaHUM
OCTABLUUMCS YUCITIOM?

A) 16 B) 1024 C) 2023 D) 2048

6. B nonyokpyxHocTb amametrpom 10 cm BNUCAHBI paBHOCTOPOHHUM TpeyronbHUK U
KBAApAT, KAk NOKA3AHO Ha pUCyHKe. HamauTe nnowaab 3aTPUXOBAHHOM YacTU?
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25m—150 25m—-150 1257—-150 45m-50
A) 24 B) 12 C) 24 D) 8

7. Hanaute nepyro LUMpPY HaUMeHbLLIErO YUCIIa KOTOPLIN AenuTca Ha 11 u cymma
LumMpp KoTopoi pasHa 2023.

A)9 B) 8 )7 D) 6

8. HaHer 5 nocneposatenbHble HaTypanbHble Yucna. Ecnu HOK nepBbIx Tpex us
HUX MeHblwe yasoeHHoro HOKa nocneaHux agyx, Haamte Haubonbluee 3Ha4yeHue
CYMMBI 3TUX 571 umncen.

A) 30 B) 40 C) 45 D) 50

9. [ina ueTbIpex3HauHoro umucna abed onpepeneHa gyHkums f u f(abed) = a * b

c+d Hanpumep f(6542) = 6x5%4+2 =122. Havaute 3HayYeHue
£(2023) — £(2022) + f(2021) — £(2020) + --- + £(1003) — £(1002)

A) 509 B) 495 C) 517 D) 511

10. Hanaute HaumeHbLLee HaTypanbHOe YUCNIO 1, MPU KOTOPOM Ymncno 2023n umeeT
TOYHO 66 HaTypanbHbBIX AenuTenen.

A) 233 B) 9216 C) 216 D) 1024

Yaanw 2: Kaxpaas 3agada oyeHsiBaencs rno 3.1 6annos

11. Ha cTone nexut nucT NpamoyronibHov popmer. ONUM 3a KaXALIN War BeIbUpaeT
OAVH U3 HaMBOMbLINX NPAMOYTOJIbHUKOB, ENUT ero Ha ABe PaBHbIE YaCTU U NTOXUT
ux 0bpatHo Ha cton. Ecnu yepes 2023 waroe nnowaab HaMeHbLWero nucta 1 cm?,
HaauTe Nnowaab NepBOHA4YanIbHOrO NUCTA?

12. CKkOnbKO NPSAMOYrONbHUKOB MOXHO BbLAENUTb B AAHHOW (Urype, CTOPOHLI
KOTOPOro Nexar Ha JIMHUAX (PUIYpbL U KOTOPBLIA BKNHOUaeT B cebs XOoTab6bI 0aHY
YepHYHro KNneTky?
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13. AaHbr 1000 npsambIX U OTMedeHa TOYKa nepecedeHUs NHOObIX ABYX U3 HUX,
Kakoe Hanbonbluee KONMMYECTBO TAKUX TOUEK MOXET NlexXaTb Ha OAHOU OKPYXHOCTU?

14. NaH napannenorpamm ABCD. CepeauHa AD Touka M. Touka P ocHoeaHue

nepneHAnKynapa onyLueHHoro us Touku B Ha CM. Ecnu £APB = 61°, HaauTe yron
£PAB.

15. Capaop Hanucan B 0AUH paa YeTHbIe Ymucna ot 23 ao 2023 u nonyyun Hosoe
umcno. TToTom OH CcTEp BCe HeyeTHbIe LUMPLL B AECATUYHOM 3aMUCU 3TOMO YUcna.
CKOMbKO LU@p OCTANoCh?

16. Hamaute kKonuuectBO Tpoek UenbIX 4ucen (a,b,c) yAOBRNETBOPAFOLIUIA
ycnosuam 2 <a,b,c<8ul<d<12,a+bh+c+d=30.

17. na nocneposatenbHOCTU UenbIX uYucen {A,} BbINOMHAETCA cheayrolme

ycnosus: A, <10um 1 < A; <2023

An

_ —, €eCJUu A,, YeTHOe YUCJI0

An+1 -
A% +1, ecnu A, HEYETHOE YUCIIO

HalauTte KonuyecTBo BCEX 3HC(‘-I€HVIVI, KOTOpbIE MOXET NMPUHUMATD A;.

18. K nepneHaukynapHeIMm auametpam AB u CD HapucoeaHbr 12 maneHbkux
KBQApPATOB CTOPOHLI KOTOPLIX MapansienbHbl anametpam AB un CD kak nokasaHo Ha
pucyHke. B okpyxHoctu nposeaeHbr AC, AD, BC, BD xopabl. Hanaute nnowaab
3GKPALLeHHOM YacTu.
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19. AHBap Hanucan wucna 1, 2, 4, 5, 6, 9, 10, 11, 13 B OKpyXHOCTU U KBAAPATHI.
Kaxaoe umcno 3anuceisaetca poBHO oAuH pas. TTpy 3TOM Ymucno, HanNUcaHHoe B
no6on OKPYXHOCTU paBeH CyMMe uumcen, HAMUCAHHBIX B COCeAHUX KBAAPATAX.
Haaute Hanbonblwee 3Ha4yeHUe x + .

20. B kaccy npywnu 10 nokynateneid, y 5 us Hux ectb no 5$ ny 5 U3 Hux ectsb no
10$, ay kaccupa HeT geHer. CToMMOoCTb oaHoro 6uneta 5$. Ckonbkumm cnocobamm
MOXHO pPacnonoXmuTb MOKynaTenew Tak 4TOObI, KAXAbIA MOKynaTteslb KOTOPbLIU
AOJIKEH MOJYYUTb CAaYY CMOT e€ NonyuuTb. (KaxabIti Nnokynatenb nonyyaert caady
cpasy nocne noKymnku.)
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Yoshlar o'rtasida xalqaro Al-Xorazmiy olimpaiadasi
2-kun
2023 yil 1-Tyun

1-gism: har bir test 1.9 ball bilan baholanadi
1. UZBEK + IS + TAN turli harflar turli ragamlarni ifodalaydi Berilgan yig'indining
qabul gilishi mumkin bo'lgan eng katta qiymatini toping.

A) 99631 B) 99190 C) 99387 D) 99423

2. Boburda og'irliklari 1 kg, 2 kg, ...,16 kg bo'lgan toshlar va uchta A, B, C qutilar bor.
U har bir qutiga ikkitadan toshni soldi. Shu 3 ta qutining har biridagi toshlarning
umumiy og'irligi M kg ga teng bo'ldi. M ning gabul qilishi mumkin bo'lgan qiymatlari
sonini toping.

A) 21 B) 24 C) 19 D) 15

3. Anora gog'ozga 5 ta butun sonni yozdi. U bu sonlardan barcha 4 sondan iborat

guruhlarining o'rta arifmetiklarini hisobladi va natijada 37, 44, 25, 46 va 68 sonlarini
oldi. Anora qog'ozga yozgan sonlarning eng kattasini toping.

A) 147 B) 120 C) 68 D) 95

4.1-2-3-..-29-30 ko'paytuvchilardan kamida nechtasini o'chirib aniq kvadrat
hosil qilish mumkin?

A)7 B) 6 C)5 D) 4

5. 1 dan 2023 gacha sonlar doskada yozilgan. Har bir gqadamda ixtiyoriy ikkita son
o'chirilib o'rniga ularning farqi yoziladi. Bu ish oxirida bitta son qolguncha amalga
oshiriladi. Oxirida qolgan son quyidagilarning qaysi biri bo'la olmaydi?

A) 16 B) 1024 C) 2023 D) 2048

6. Muntazam uchburchak va kvadrat diametri 10 cm bo'lgan yarim aylanaga rasmda
ko'rsatilgandek ichki chizilgan. Bo'yalgan soha yuzi hecha cm??
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25m—-150 25m—150 1257—-150 45m-50
A) 24 B) 12 C) 24 D) 8

7. Ragamlari yig'indisi 2023 ga teng va 11 ga bo'linadigan eng kichik sonning
1-ragamini toping.

A)9 B)8 C)7 D)6

8. 5 ta ketma-ket kelgan natural sonlar berilgan. Agar bu sonlarning dastlabki
uchtasining EKUKi oxirgi ikkita sonning EKUKining ikkilanganindan kichik bo'lsa, shu
5 ta ketma-ket kelgan sonlar yig'indisining eng katta giymatini toping.

A) 30 B) 40 C) 45 D) 50

9. abcd to'rt xonali son uchun uchun f- funksiya aniglangan va f(abcd) = a*b *c +d
Masalan f(6542) = 6*5%4+2 =122, f(2023) — f(2022) + £(2021) — £(2020) +
-4 £(1003) — £(1002) ni toping.

A) 509 B) 495 C) 517 D) 511

10. Eng kichik n natural sonni toping, bunda 2023n soni aynan 66 ta natural
bo'luvchiga ega bo'lsin.

A) 233 B) 9216 C) 216 D) 1024

2-qgism: har bir test 3.1 ball bilan baholanadi

11. Stol ustida bitta to'g'ri to'rtburchak shaklidagi qog'oz bor. Olim har bir gadamda
shu stol ustida turgan eng katta qog'ozlardan birini tanlab olib teng ikkiga bo'lib
bo'laklarni gaytib stol ustiga go'yadi. 2023 ta qadamdan keyin stol ustidagi eng kichik
gog'ozning yuzi 1 cm? bo'lsa, boshlang'ich holatdagi qog'oz yuzi hecha cm??

12. Quyidagi shaklda tfomonlari ushbu shakldagi chiziglarda yotadigan kamida 1 ta
qora katakni o'z ichiga oladigan nechta to'g'ri to'rtburchak bor?
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13. 1000 ta to'g'ri chiziqg berilgan va ularning ixtiyoriy 2 tasini kesishgan nuqtasi
belgilangan. Bu nuqtalardan ko'pi bilan nechtasi 1 ta aylanada yotishi mumkin?

14, ABCD parallelogram berilgan. AD ning o'rtasi M nuqta. B nugtadan CM ga
tushurilgan balandlik asosi P nugta. ZAPB = 61° bo'lsa, 2PAB burchakni toping.

15. Sardor 23 dan 2023 gacha bo'lgan juft sonlarni bir qatorga ketma-ket yozib
yangi bitta son hosil qildi. Keyin bu sonning o'nli yozuvidagi barcha toq ragamlarni
o'chirib chiqdi. Nechta ragam qoldi?

16. Quyidagi shartlarni ganoatlantiruvchi (a, b, ¢) butun uchliklar sonini foping.
2<abc<8val<d<12,a+b+c+d=30.
17 {A, } butun sonlar ketma ketligi uchun quyidagilar o'rinli:

Ay < 10val< A, <2023

A—",An juft son
Apyr = 2
A% + 1, A, tog son
A; ning gabul qilishi mumkin bo'lgan giymatlar sonini toping.

18. Aylananing AB va CD o'zaro perpendikular diametrlariga fomonlari parallel bo'lgan
12 ta kichkina kvadratlar rasmdagidek qilib chizilgan. Aylananing AC,AD,BC,BD
vatarlari o'tkazilgan. Bo'yalgan sohani yuzini toping.
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19. Anvar 1,2,4,5,6,9,10,11, 13 sonlarini ushbu aylana va katakchalarga yozib chiqdi.
Har bitta son aynan bir martadan yozilishi shart. Bunda ixtiyoriy aylanadagi son
o'zining ikkita qo'shni kvadratchalaridagi sonlar yig'indisiga teng. x va y quyidagidek
joylashtirilgan bo'lsa, x + y ning eng katta giymatini toping.

20. Chiptaxonaga 10 ta odam keldi 5 tasida $5 dan va 5 tasida $10 dan pul bor,
chiptachida esa pul yo'q. Bitta chipta narxi $5. Odamlar navbatta necha xil usulda
turishi mumkin, bunda sotuvchi to'lov gilgan har bir odamga o'sha paytning o'zidayoq
qaytim bera olsin.
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Solutions of Khwarizmi international junior mathematical
olympiad

1. LC=LA=20:.ME%=>AB=BM=MC=CD=>4DMC=90°—aand
£ABM =180° — 2¢ = /BMA = a =
£AMD =90° = 2AMD + £APD = 180° = AMDP - cyclic «PMD +
£AMP = 90° and LZAMP = 2ADP, AD | BC = ¢«BCP = £ADP = +BCD +
£2PMD =90°

2. We color the board as follows:

In this coloring, the \. . . \. \ king begins with a black
cell, and after every even move, it will be on a black cell. Also, after every odd
moves the king will be on white cell. There are 1012 x 1012 black cells and
2023 x 2023 — 1012 x 1012 white cells on the board. So if the king finishes on
black cell, it will have crossed 1012 x 1012 — 1 white cells and if the king
finishes on white cells, it will have crossed 1012 x 1012 white cells. But the
number of white are much more than 1012 x 1012. So the king can not cross all
white cells.

3. apy1 = 20405 ...ap +1=(a, —1)a, + 1 because a,, — 1 =
=2a,0p ...y_1. SO Apiy=a2—a,+1 = 1+ (a, —2)a,.; =1+ (a, -
2)(a2 —a, +1)=1+a’—ad3+a,—2d%+2a,—2=a’—3a%+3a, —
1=(a,—1)3

4. Let a4,a,,...,a4¢ are colored numbers. And a; < a, < a; <...< aqq. Let us
define as follows: d; € N,

la—b|>2= la—b| =3
a,=a;+3+d,
az=a,+3+d,=a;,+6+d;+d,

Ao =aq +27+d; +d, +dz+...+dg
a0 <100, = a; +dqy+dy +dz+...+dg < 73
a; = 1, so there exists d, = 0, suchthat a; = d, + 1
do+dy+d,++dy <72
This means there exists an integer d, = 0 such that
do+di+dy+--+dog+dig=72



Lemma: The number of non-negative solutions of equation x;+x, +
X3t+...+x, =nis M.
Proof: m+n —1 ‘1’s are written on a row. Let’s choose m — 1 of them and
change to ‘0. So there are C/71_ . ways.
On the other hand, these m — 1 “0’s divide the “1’s into m groups. The number of
‘1’s in groups are Xy, Xy, ... X;, And n ‘1’s remain. So This is also the number of
all solutions of equation x; + x, + - x,, = m
So, the answer is Cgy.
5. xg 4 xy 2. 4, K = zMMe-Mk ;> 2023%;
Let x;" is the largest of {x;"*; x;%;...; %, }
ZMaMeeMe — A™Mi — A > xi+1 = kximi > ZMaMa.mye > (xi + 1™
2023x;

ms . 1\ 1
kxi‘Z(xi+1)ml:>k2(1+—) 2(1+—)
Xi Xi

And
(1+1) > 1+ (xi)-1-1=2

So k > 22023,
Proved.



Marking scheme (english version)

Problem 1
o If £LAMD = 90° is showed +4 points
e AMDP is cyclic +2 points
e Complete solution 10 points
Problem 2

¢ No points the right answer, saying no.
e For any coloring (like a chessboard) and eliminating cases( like here is no

double move at the diagonal direction ,etc) +4 points
e For aright coloring +6 points
e Full solution 10 points
Problem 3
e Complete solution without proof of a,.; = a2 —a,, + 1 6 points
e Ifa,., = a2 —a, + 1 equality is proved 7 points
e Complete solution 10 points
Problem 4
Solution 1:
Let di =adjy+1 — q;
e a;+dy+dy,+-+dy <100 +1 point
e Resignand find x; + x5, + - xq9 < 72 +2 point
e Add elevens term to holds equality x;; , x; + x5 + - x99 + X411 = 72
+2 point
o Number of solutions of equation x; + x, + x3+... +x,, = n equals
C +n 1 Is proved +2 point
e (32 is founded as an answer +1 point
o Complete solution 10 point
Solution 2:
Let di = dajyq1 — a;.
e a,+d;+d,+-+dy <100 +1 point
e Resignand find x; + x, + - x19 < 72 +2 point
o Number of solutions of equation x; + x, + x3+... +x,, = n equals
cmol . is proved +2 point
e If answer remains as Cg; + Cgp + -+ Cs +1 point
o Cp+Chq+ -+ CF =CJifisproved +3 point
e (32 is founded as an answer +1 point
e Complete solution 10 point
5-masala.
e For choosing x.* = max( X" ,x2 s X ©) + 1 point
o For proof of x;"™* + x, % + -+ x, © = (x; + 1)™ +4 points
] ] 1\2023x; )
e Forinequality k > (1 + x_s) +1 point
e Full solution 10 points

For minor mistakes on calculation and etc. upto 3 points can be deducted.
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